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1.4 UNGERINZE

The calculation of self-consistent field (SCF) is the most time consuming process in the current
polarizable MD simulations. Therefore, how to accelerate the convergence of SCF is the key
question in order to accelerate MD simulations. In this section, direct inversion of the iterative
subspace (DIIS) method and precondition method, which are widely used in accelerating SCF
calculations, are introduced. As the SCF algorithm of Q@ «— V (Eq. (1)) and ¢ +— h (Eq.
(12)) are essentially the same, here the algorithm of DIIS and precondition are introduced using

@ <— V as an example.

1.4.1 DIIS DO#H

In the SCF calculation of @ <— V (Eq. (1)), the calculating process is summarized in Figure
1. Q, is the initial guess of partial charge vector. Tol is the tolerance in SCF calculation. AQ,,
is the residual vector defined by AQ,, = Q, ;1 — Q,,- ||/AQ,|| means the norm of residual vector.
Currently, 2-norm is used in SCF calculation.

In the iteration of SCF calculation shown in Figure 1, @, ; only depends on the vector in
previous loop @,,. Instead of this treatment, DIIS method assumes that a good approximation to

the final solution, Q*, can be obtained as a linear combination of the previous vectors:
m
i=1

where m denotes the number of previous vectors to be used. In this case, the residual vector can
be calculated by
m
AQ* = Z CiAQn—m+i (26)

i=1
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1: SCF calculating process of @ +— V.

The coefficients c; are obtained by requiring that the residual vector, AQ*, approximates to the
zero vector in a least-squares sense. Meanwhile, the normalization condition, Z:ﬂ ¢; = 1, should

also be satisfied. Finally, the least-squares procedure leads to the following linear equation:
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where B;; is the overlap matrix calculated by
Bjr = AQ; - AQ, (28)

In DIIS, the partial charge vectors of previous m loops are saved in memory. In each loop,
Eq. (27) is solved and the solution vector is predicted by Eq. (25). The parameter of m can be
optimized to reduce the simulation time. Currently, m = 4 is used for default.

The calculating process of DIIS included SCF are shown in Figure 2. The code of DIIS related

algorithm can be found in diis.f90.

1.4.2 A%2 LU 9FERMLE

In the local field calcualtion, the purpose is to solve the linear equation of Eq. (2b). For

simplicity, we suppose externel field Ey = 0 and write Eq. (2b) in the matrix format as follows:
"Q=Qq° (29)

When iteration methods are implemented to solve Eq. (29), the convergent speed is related to

the condition number of matrix GT. (For the definition of condition number, one can refer to



Input Q, Tol

Repeatn=0,1,2 -
( Predict Q* by

L DIIS

Calculate V,,
by Eq. (1b)

Calculate @y, 44

Output
by Eq. (1a) utput Q.41

2: DIIS included SCF calculating process of Q) +— V.

Wikipedia.) For a large condition number, the problem is called ill-conditioned and the convergent
speed of iteration is quite slow. This often happens when large molecules are involved in the
systems. In order to accelerate SCF calculation of ill-conditioned problems, precondition method
is implemented.

The idea of precondition is that instead of solving Eq. (29), the following equivalent linear
equation is solved:

PIGTQ =P 'Q° (30)

where P! is called preconditioner. It is clear that the solution of Eq. (30) is equal to that of
Eq. (29). However, by choosing proper P~!, the convergent speed of iteration could be largely
improved. The ideal preconditioner is P = GT, so that P! = [GT]~!. Then the linear equation
can be directly solved without iteration. However, in the real situation, the exact calculating of G7
and its inverse are almost impossible. Therefore, the best way is to find a preconditioner, which
satisfies: 1) P71 ~ [GT]~! and 2) easy to be calculated.

In order to find such a preconditioner, we go back to the expression of G in Eq. (3b).
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In the right hand of Eq. (3b), the second term denotes the local field corrections caused by
surrounding molecules, which is evaluated by Ewald summation method under periodic boundary
condition. Suppose the local filed effect is mainly determined by the short range corelations, then
P can be properly defined by
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where r.,; denotes a cut-off distance in evaluating electrostatic interactions. Using such definition,

P can be regarded as a proper approximation of G7.



After the definition of P, the problem is how to effectively calculate and define the preconditioner
P!, The calculation of matrix inverse is quite time consuming especially when the dimension of
matrix is large. Therefore, instead of directly calculating the matrix inverse, we can approximately
evaluate it by using more efficient way. Note that the calculation of P by Eq. (31) will result in a
sparse matrix of P. Therefore, the inverse of P can be approximately calculated by the incompleted
LU decomposition (ILU). The algorithm of LU decomposition is shown in Appendix. The ILU is
similar with LU decomposition, however, the results of L and U matrix are also sparse matrix in
ILU decomposition. The feature of sparse matrix of L and U contributes to the efficient solution
of linear equations.

The iteration procedure of solving Eq. (30) is the same with ordinary SCF calculations. Note
that P! is not calculated during MD simulations, instead, the results of L and U matrix are
saved. Inside the SCF iteration, L and U matrix are directly used to solve the linear equations.
(For details, see subroutine in conj.f90)

Several comments should be noticed when using precondition:

Overhead of computation: Although the precondition is able to accelerate the convergence of
iterative solution, the precondition itself requires substantial computational time. Therefore,
it depends on the target systems whether the precondition actually reduces the computational
time. For small molecules, such as water, the use of precondition is proved to be worsen due
to the large overhead. It should be used for systems containing large molecules, such as

octanol.

Interval of iteration: P in Eq. (31) is a function of coordinates of atoms in systems, and used
as an approximation of G7. Therefore, during MD simulation, a P value calculated at a time
step could be used over several following MD steps as long as the coordinates of atoms are
considered to vary little. In MD simulations, P is calculated every n steps, where n is set to
be 20 for default.

Cut-off distance: The cut-off distance 7., in Eq. (31) is also an adjustable parameter. Using a
large cut-off results in a longer computational time in calculating P while a faster convergence
in the iterative solution of Eq. (30) (because P is close to GT). Therefore, it should be

optimized for target systems. Currenly default value is set to be 5 A.
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